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Abstract
The problem with Bekenstein-Hawking entropy of black hole can be resolved with
quantum gravity theory with Dp-branes as supergravity solutions of type IIB string the-
ory. Dp-brane solutions of type IIB are a direct analog of the Schwarzschild charged
hole, so called black p-branes. The coincidence of the black p-brane metrics and ten-
dimensional metrics of N-parallel D3-branes was used from the viewpoint of the Azumaya
structure on D-branes connected with deformation of the classical moduli space. Apply-
ing Rosenberg theorem we can classify Hilbert spaces of N coinciding Dp-branes as vector
bundles through K-functor.
Key words: Black holes · C*-algebra · Dixmier-Douady invariant · K-group · Supergrav-
ity.
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1 Introduction
The discovery of the gravitational waves [1] has stimulated interest to the question of
gravitational collapse. In General Theory of Relativity, gravity is connected with the
curvature of space-time. As the mass changes the curvature also changes, which leads to
gravitational waves. Scientists have demonstrated the existence of these waves through
the observation of the merger of black holes as a possible way of observing the very early
Universe [1].
As known, [2], gravity determines the causal structure of the Universe, as it determines
causally related events of space-time to each other. As large amount of matter can be
concentrated in the same region, light could be dragged back inwards, as was stressed by
Laplace in 1798. This suggests the singularity in space-time where our present laws of
physics breakdown. Observations of the microwave background imply the existence of a
singularity in the past as the beginning of the Universe, Fig.1.
Fig.1. The light cone of the event p as the set of all light rays through p.
So, General Relativity predicts the development of singularities. It has been sug-
gested in some papers [3] that after the collapse of a mass to the Schwarzschild radius,
the enormous amounts of energy in the form of gravitational radiation can be emit-
ted. The Schwarzschild radius corresponds to the radius defining the event horizon of
a Schwarzschild black hole. The fact is that the black hole mass, M, decreases after
Hawking radiation, proposed by Hawking for black holes in quantum mechanics [4], and
so does the area of the horizon, AH , but the Bekenstein-Hawking entropy, S, which is
proportional to area, S = AH
4GN h¯
, increases. Therefore, the mass of black hole, according
to formula, dM = THdS, increase. So, the existence of a singularity presents problems
for complete description of the physics beyond the event horizon. To overcome this puz-
zle was proposed quantum gravity theory with the degrees of freedom which give rise
to the entropy through microstates [5]. The microscopic degrees of freedom provide a
microscopic quantum description of extremal (M=Q for the mass of a black hole, M, in
terms of its charge, Q) and near extremal (M-Q≪Q) charged black holes. Further, the
Dp-branes of the superstring theory can in fact be considered as supergravity solutions,
which are a direct analogue of the Schwarzschild black hole. The observables are the
same for black holes as for the D-brane configurations, which can be computed in string
perturbation theory. The critical black p-brane, like the Dp-branes of superstring theory,
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has a mass equal to the charge. Due to the mass (and charge), the p-brane bends the
geometry, which can be found by solving the joint system of Maxwell-Einstein equations.
Namely, the metrics looks like this:
ds2 =
1√
H(r)
(
−dt2 +
p∑
i=1
dxidxi
)
+
√
H(r)
9−p∑
a=1
dradra (1)
The Bekenstein-Hawking entropy associated to a macroscopic black hole is explained
through the condensate of closed string states with certain D-brane configurations at
strong coupling, which curves space-time (metrics (1)) and may collapse to black hole
space-time, Fig. 2.
Fig.2. A Dp-brane interacts with closed strings via open strings (a), creating an effective
supergravity background (b), from [6].
2 Computations
The computation of entropy through the number of string states [7] is the same one as
the Bekenstein-Hawking entropy of the supersymmetric black hole [5]. It is necessary to
emphasize the fact that black hole entropy can be represented by different states to be
counted [8]. For the extreme black holes, one counts all BPS states in the weakly coupled
string theory with the given charges. For the nearly extremal black holes, the counted
states are just non-BPS excitations of the D-branes, which form a black hole at strong
coupling.
The stable non-supersymmetric Dp-branes or non-BPS states are understood as brane-
antibrane system presented as Chan-Paton vector bundles, [9]. One of the most interesting
cases is the identification of Dp-brane in the presence of Neveu-Schwarz B-field. Lets
consider the following two principal bundles over compact manifold X, which characterizes
D-branes [10].
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These bundles describe D-branes in the presence of Neveu-Schwarz B-field which is char-
acterized by field strength,
Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν .
For the bundle (2)
Hµνλ = 0, Bµν 6= 0
and for bundle (3)
Hµνλ 6= 0, Bµν 6= 0.
Vector bundles associated with principal bundles are the following [10]:
EH = PH ×Mn(C), Aut(Mn(C)) = SU(n)/Zn , (4)
EH = PH ×K, Aut(K) = limn→∞SU(n)/Zn , (5)
whereMn(C) is algebra of n×nmatrices andK is algebra of compact operators. The space
of sections of a vector bundle (4) is C*-algebra C0(X,EH ), which is Morita equivalent
to Azumaya algebra [11] and the space of sections of a vector bundle (5) is Rosenberg
C*-algebra C0(X,EH ) , [12]. Short exact sequence
0→ K → B → C0(X,EH)→ 0 (6)
determines the extension of algebra C0(X,EH ) by means of algebra K, [13]. Then twisted
K-group Kj(X, [H]), is determined through the set of unitarily equivalent classes of C*-
algebra C0(X,EH) extensions (6) modulo splitting extensions, [14].
As is known from [15], for locally compact Hausdorff space, X (the base of principal
bundle), there exists the classifying space of the third cohomology group of X - the
Eilenberg-Maclane space K(Z, 3), that is
H3(X,Z) = [X,K(Z, 3)] = [X,PU(H)] (7)
Here,
K(Z, 3) = PU(H), (PU(H) = U(H)/U(1))
is classifying space of the projective unitary group on an infinite dimensional, separable,
Hilbert space, H. From [15], PU(H) = Aut(K) (group of automorphism ofK,T → gTg−1
for g ∈ U(H)), therefore, the isomorphism classes of locally trivial bundles over X with
fibreK and structure group Aut(K) are also parametrized by H3(X,Z). The cohomology
class inH3(X,Z) associated to a locally trivial bundleE over X with fibreK and structure
group Aut(K) is called the Dixmier-Douady invariant of E, δ(ε), [16].
In analogy with magnetic charge of electromagnetism presented by a class in ordinary
cohomology, D-brane charge is given by twisted K-theory - an additive category of C*-
algebras with standard presentation by Hilbert bimodules, [17]. C-algebra is algebra of
compact operators, K, on a complex, infinite-dimensional separable Hilbert space, H, [18].
Summarizing previous arguments, we can state that D-brane charges in the presence of
B-field, are classified by the twisted K-theory defined by Rosenberg [12], which is the
theory of infinite-dimensional, locally trivial, algebra of compact operators as introduced
by Dixmier and Douady. The relevance of Dixmier-Douady theory to the classification of
D-brane charges in the presence of B-fields was noticed by [14].
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For the calculation of D-brane charges in the presence of B-fields we will consider a
configuration containing n D-branes and n anti-D-branes. When [H] = 0, the D-branes
carry a principal bundle with structure group U(n),
but when [H] is nonzero, D-branes carry a principal SU(n)/Zn bundle which cant be
transformed to U(n) bundle. The obstruction to lifting an SU(n)/Zn bundle to a U(n)
bundle is a certain class in H3(M,Z) closely related to the tHooft magnetic flux which
is equal to torsion class [H] ∈ H3(M,Z) - a unique equivalence class of Azumaya or
Rosenberg algebra and the corresponding to K-group [12].
Lets consider X = X/τ with involution τ and principal bundle with base X
Then we have locally trivial bundles of real C*-algebras over X with fibers isomorphic
to K. To the space of sections of vector bundles are associated principal bundles PU
′
with section - the group of unitary operators on H and there are group extensions,
1→ PU → PU
′
→ Z2 → 1
where Z2 is the cyclic group of two elements. There exists the classifying element for
PU
′
-bundle Y → X in H1(X,PU
′
) = [X,PU
′
] maps to the classifying element of the
two-fold covering p : X → X defined by τ in H1(X,Z2) ∼= [X,Z2] and classifying element
for principal PU -bundle - the Dixmier-Douady class δ ∈ [X,PU ] ∼= H3(X,Z) defined by
the pull-back diagram, [12]
The statement of the theorem is connected with the map from one principal PU
′
- bundle to
another one, PU -bundle trough the classifying element [X,PU
′
] which maps to classifying
element of two-fold covering X → X, [X,Z2]. Therefore, we can consider bundles over
compact space, X and over space X/Z2 and morphisms between these bundles.
3 Conclusions
Since D-branes are characterized by a Dixmier-Douady invariant, to which correspond
the strength of the Neveu-Schwarz B-field interacting with the D-branes, the transition
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between the classifying elements leads to new D-brane states described by a twisted K-
theory. This relation allows us to associate the bundles of C*- algebras, associated with
principal bundles, the observed states of Hilbert spaces, which corresponds to a phase
transition from one soliton state of one D-brane to another.
As each of them is characterized by its Dixmier-Douady invariant, which signals about
the interaction of D-branes with the Neve-Schwartz B-field and the sections of associated
vector bundles are the Hilbert spaces describing microstates of black holes, therefore,
the transitions between the principal bundles are phase transitions between black holes.
For an oriented tree-dimensional manifold X, according to the Rosenberg theorem, there
is a classifying element Dixmier-Douadi invariant and isomorphism, β : H2(X,Z2) →
H3(X,Z), which is connected with the Bockstein homomorphism
0→ Z → Z → Z2 → 0
This sequence signals about new brane-antibrane bounded state (Dp − Dp) for any p,
which is classified by K-group
K(Dp−Dp) = Z2 .
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